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Abstract
We study photon localisation and delocalisation in a system of two nonlinear cavities with intensity-
dependent coupling. It is shown that complete localisation or delocalisation is possible for proper choices
of the strengths of nonlinearity, detuning and inter-cavity coupling. Role of the relative phase in the
initial superposition in attaining localisation and delocalisation is discussed. Effects of dissipation and
decoherence are considered and the use of quantum interference in reducing dissipation is explored. Many
of the features of the system are shown to be the consequences of quantum interference.
1 Introduction
Interference is a consequence of superposition. Occurrence of interference pattern in Young’s double slit
experiment, lasing without inversion [1], electromagnetically induced transparency [2, 3], coherent popula-
tion trapping [4], Hong-Ou-Mandel interferometer[5], quantum phase transition[6] etc, are all consequences
of interference of transition amplitudes making the phenomenon of interference ubiquitous. There are other
situations of interest such as photon localisation in cavities [7], ideal single photon sources [8], etc., where
quantum interference plays a major role. Ideal single photon sources [9]-[11] have been achieved in cavity
QED via quantum anharmonicity ladder in the energy spectrum due to the presence of strong non-linear
interaction[12]. In the context of two coupled cavities, localisation corresponds to having all the photons in
one of the cavities, while delocalisation corresponds to nearly equal number of photons in both the cavities.
These systems are of special significance as they are realizable and many experiments have been reported in
the literature [13]-[18].
Photon transport in coupled cavity arrays [19] is dependent on the inter-cavity coupling and the non-
linearity present in the cavities [20]. Cavity nonlinearlity is achieved using suitable material medium in the
cavity. Availability of a material medium within the cavity brings about interesting phenomena. For in-
stance, in the presence of a two-level atom in the middle cavity of a system of three cavities, complete single
photon transfer is forbidden if the atom-field coupling is rotating-wave approximated [21]. Localisation and
delocalisation of photons can occur in circuit QED which generates ultrastrong matter-field coupling between
superconducting qubits and microwave photons in a resonator [7]. In all these studies, local nonlinearity
and inhomogeneous inter-cavity couplings have been employed in achieving localisation and delocalisation
[22]. Another phenomenon that occurs due to strong nonlinear interactions is photon blockade[23] which
has been observed in cavity QED [12, 24], ultra-strong coupling regime in atom-field interaction [25] and
optomechanical systems[26].
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In the present work, a system of two coupled cavities is considered. Analyses known in the literature are
mostly in the context of linear Jaynes-Cummings interaction between cavities [19, 21] which contain non-
linear Kerr medium [20]. As a generalisation, inter-cavity coupling is considered to be intensity-dependent,
which is the quantum equivalent of nonlinearly coupled classical oscillators. Also, the cavities are consid-
ered to have nonlinear medium, in particular, Kerr medium. A special form of deformed algebra appears
as a natural choice in studying the dynamics of the system. We study the localisation and delocalisation
phenomena of two photons in the system. If the two photons are detected in one of the cavities after a
measurement, it corresponds to two photon localisation (TPL). On measurement, if each cavity is found to
have one photon each, it is two-photon delocalisation(TPD). Emergence of these features are understood in
terms of quantum interference.
The organization of the article is as follows. The generalised Hamiltonian and the dynamics generated
by it are discussed in section II. Importance of the relative phase in the initial state, inter-cavity detuning
and nonlinearity for TPL and TPD is studied in Section III. Effects of dissipation and dephasing on TPL
and TPD are explored Section IV. In Section V, linearly coupled system of N cavities is considered and the
probability of TPD and TPL is discussed. Also, emergence of two photon trapping in a system of N linearly
coupled cavities is discussed to stress the roll of relative. Main results are summarised in Section VI.
2 Hamiltonian for nonlinearly coupled cavities
In this section, a system of two ideal cavities is described. The Hamiltonian for the system, setting ~ = 1, is
H = ω1a
†
1a1 + ω2a
†
2a2 + χ1a
†2
1 a
2
1 + χ2a
†2
2 a
2
2+
J
[√
1 + ka†1a1a1a
†
2
√
1 + ka†2a2 + a
†
1
√
1 + ka†1a1
√
1 + ka†2a2a2
]
. (1)
Here am and a
†
m are the annihilation and creation operators for the two cavities (m = 1, 2). The first two
terms correspond to independent linear cavities. The next two terms which depend on χ1 and χ2 account
for the Kerr nonlinearity in the cavities. The last term containing the coupling constant J describes an
intensity-dependent interaction between the two cavities. Such interaction terms have been considered in
the context of intensity-dependent atom-field coupling [27].
The purpose of studying the system described by H is that many other well known interactions are
special cases of H . In the limit of vanishing k, H describes the well known Jaynes-Cummings type model
for two cavities,
HJC = ω1a
†
1a1 + ω2a
†
2a2 + J(a1a
†
2 + a
†
1a2).
For instance, models such as Buck-Sukumar [28] and Kerr Hamiltonian[29, 30, 31] are obtained if k〈a†a〉 >> 1
and k〈a†a〉 << 1 respectively.
To discuss the general case, consider the following deformed operators: Km =
√
1 + ka†mamam, and
K†m = a
†
m
√
1 + ka†mam where m = 1 and 2 correspond respectively to the first and second cavities. The
commutator [Km,K
†
m] = 2K0, with K0 = ka
†a+ 12 , which is identity when k = 0. These deformed operators
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form a closed algebra, with Heisenberg-Weyl and SU(1,1) as limiting cases in k [27]. Under the action of
these operators, the number states transform as follows,
K |n〉 = √n
√
1 + k(n− 1) |n− 1〉 ,
K† |n〉 =
√
1 + kn
√
n+ 1 |n+ 1〉 .
With χm = ωmk, the Hamiltonian H is re-expressed in terms of the deformed operators to yield
H = ω1K
†
1K1 + ω2K
†
2K2 + J(K1K
†
2 +K
†
1K2). (2)
This has the same form as the usual JC model. Though the Hamiltonian includes intensity-dependent inter-
action as well as Kerr non linearity, it is still possible to identify a constant of motion, namely, the operator
corresponding to the number of quanta N = a†1a1 + a
†
2a2 so that [H,N ] = 0. Existence of this constant of
motion implies that there are invariant subspaces for the unitary dynamics generated by H .
To discuss the occurrence of TPL and TPD, the two cavities are initially prepared in superposition,
|ψ(0)〉 = C1(0) |20〉+ C2(0) |11〉+ C3(0) |02〉 .
Each of the superposed state in the initial state has two quanta. Therefore, the initial state belongs to the
invariant subset spanned by eigenstates of N with eigenvalue 2. As a consequence, the time-evolved state
also belongs to the invariant subset. On unitary evolution under H , the state |ψ〉 evolves into
|ψ(t)〉 = C1(t) |20〉+ C2(t) |11〉+ C3(t) |02〉 , (3)
where
C1(t) = ((a
2 + b2)L1 − L2a+ L3)C1(0) + (L1(ab+ bc)− L2b)C2(0) + L1b2C3(0),
C2(t) = (L1(ab+ bc)− L2b)C1(0) + (L1(2b2 + c2)− L2c+ L3)C2(0)
+ (L1(bc+ bd)− L2b)C3(0),
C3(t) = L1b
2C1(0) + (L1(bc+ bd)− L2b)C2(0) + (L1(b2 + d2)− L2d+ L3)C3(0).
Various terms occurring in the coefficients are
L1 =
eλ1t
(λ1 − λ2)(λ1 − λ3) +
eλ2t
(λ2 − λ1)(λ2 − λ3) +
eλ3t
(λ3 − λ1)(λ3 − λ2) ,
L2 =
eλ1t(λ2 + λ3)
(λ1 − λ2)(λ1 − λ3) +
eλ2t(λ3 + λ1)
(λ2 − λ1)(λ2 − λ3) +
eλ3t(λ2 + λ1)
(λ3 − λ1)(λ3 − λ2) ,
L3 =
eλ1t(λ2λ3)
(λ1 − λ2)(λ1 − λ3) +
eλ2t(λ3λ1)
(λ2 − λ1)(λ2 − λ3) +
eλ3t(λ2λ1)
(λ3 − λ1)(λ3 − λ2) ,
where λ1, λ2 and λ3 are the eigenvalues of −iH in the two photon subspace. Here,
a = −i2ω1(1 + k), b = −i
√
2(1 + k)J , c = −i(ω1 + ω2) and d = −i2ω2(1 + k).
Choosing C1(0) = cos θ, C2(0) = 0 and C3(0) = e
iφ sin θ for the initial state,
|ψ〉 = |θ, φ〉 = cos θ |20〉+ eiφ sin θ |02〉 , (4)
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makes it a TPL state, that is, on detection both the photons will be in only one of the two cavities. For this
choice of the initial state, the coefficients in the time-evolved state are
C1(t) = ((a
2 + b2)L1 − L2a+ L3) cos θ + L1b2eiφ sin θ,
C2(t) = (L1(ab+ bc)− L2b) cos θ + (L1(bc+ bd)− L2b)eiφ sin θ,
C3(t) = L1b
2 cos θ + (L1(b
2 + d2)− L2d+ L3)eiφ sin θ.
For use in the subsequent discussions, we define
|+〉 = |θ = pi4 , φ = 0〉 = 1√2 (|20〉+ |02〉)
|−〉 = |θ = pi4 , φ = π〉 = 1√2 (|20〉 − |02〉) (5)
It may be noted that the state |+〉 is symmetric under the exchange of photons while |−〉 is antisymmetric.
3 Localisation and delocalisation
To discuss in quantitative terms about TPL and TPD, relevant probabilities are defined: the probability of
detecting the system to be in |02〉 or |20〉 is the localisation probability and the probability of detecting the
system in the state |11〉 is the delocalisation probability. Perfect localisation corresponds to the probability
being unity for detecting two photons in one of the cavities and zero for the other. Interpreted in terms of the
average number of photons, 〈a†2a2〉 = 2 for the cavity with two photons and zero for the other. Considering
these, it is prudent to choose the zero time delay second-order correlation function (g(2)(0)), defined as
g
(2)
i (0) =
〈a†ia†iaiai〉
〈a†iai〉2
, (i = 1, 2)
as a quantitative tool for distinguishing TPD and TPL .
If P|20〉(P|02〉) is the probability of detecting two (zero) photons in the first cavity and zero (two) photons
in the second cavity, then P|02〉+P|20〉 is the TPL probability. Similarly, P|11〉 is the TPD probability which
corresponds to detecting one photon each in both the cavities corresponding to TPD.
The time-evolved state given in the previous section is used to calculate the required probability ampli-
tudes. For the state |ψ〉 given in the Eqn. 4 with θ = pi4 , the probability of TPD is
P|11〉 = |C2|2 =
|b|2
2
∣∣[(1 + eiφ) [L2 + iL1(ω1 + ω2)] + 2iL1(1 + k)(ω1 + eiφω2)]∣∣2 (6)
To understand the origin of two-photon localisation and delocalisation, consider the following transition
amplitudes:
probability amplitude for transition from |20〉 to |11〉 is C|20〉→|11〉 = L1(ab+ bc)− L2b,
probability amplitude for transition from |02〉 to |11〉 is C|02〉→|11〉 = L1(bd+ bc)− L2b.
These two transition amplitudes are of equal magnitude at resonance but differ in phase by φ, which is the
relative phase in the initial state defined in Eqn. 4. Therefore [32],
P|11〉(t) = |C|20〉→|11〉 + eiφC|02〉→|11〉|2. (7)
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If the relative phase φ = 0 implying |ψ〉=|+〉 and the cavities are resonant (∆ = ω1−ω2 = 0), then P|11〉
varies between 0 and 1 periodically. On the other hand, if φ = π, i.e., |ψ〉=|−〉, then
P|11〉(t) = |L1b|2|a− d|2
= |L1b|2|(−2iω1 + 2iω2)|2(1 + k)2.
If the two frequencies are equal (ω1 = ω2), then P|11〉 is 0 during time-evolution and its holds for all values
of J and k. In Fig. 1, the maximum achievable P|11〉 is shown as a function of the detuning parameter when
nonlinearity is absent (k = 0).
In essence, for the state |+〉 (φ = 0), constructive interference between the two transition amplitudes
enhances the probability of detecting |11〉 state which is TPD state. For the state |−〉 (φ = π), due to
destructive interference between the two amplitudes, the probability of detecting the system in the state
|11〉 vanishes. It is to be pointed out that the initial state |−〉 is an eigenstate of H under resonance. As a
consequence, the state does not change during evolution apart from overall phase factor.
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Figure 1: Maximum value of probability of delocalisation P|11〉 as a function of cavity detuning ∆. The two
curves correspond to two different initial states, namely, |+〉 (dotted line) and |−〉 (continuous). Parameters
chosen are J = 0.3 and k = 0.
The discussion so far has been restricted to the resonant case. If ∆ 6= 0, then the maximum attainable
delocalisation probability P|11〉 for the state |+〉 decreases with increasing detuning as seen from Fig. 1.
However, the state |−〉 evolves to attain complete delocalisation due to constructive interference if |∆| = 2J .
For k = 0 and φ = π, Eqn. 6 becomes
P|11〉 = (2J∆)
2|L1|2
Note that P|11〉 = 0 if for ∆ = 0 (destructive Interference) or J = 0 (the cavities are not coupled). Occurrence
of complete delocalisation for a particular value of detuning prompts the question of deciding the right
combination of J and ∆ to attain P|11〉 ≈ 1. In Fig. 2, the maximum value of the delocalisation probability
for the state |−〉 is shown as a function of detuning for different choices of the coupling strength J . It is
found that the relation |∆| = 2J holds for other values of J too. If (|∆| 6= 2J), delocalisation probability is
less than unity.
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Figure 2: Maximum of the probability of delocalisation P|11〉 with cavity detuning ∆ for the state |−〉 when
nonlinearity is absent (k = 0). Complete delocalisation occurs at ∆ = ±0.2, ±0.8, ±1.4 for J = 0.1, 0.4 and
0.7 respectively.
Considering the initial state to be one of the product states |ψ〉 = |20〉 or |ψ〉 = |02〉 obtained by setting
θ = 0 or π/2 in Eq. 4 respectively, the corresponding delocalisation probabilities are,
P|11〉(θ = 0) = |b|2|(iL1(ω1(3 + 2k) + ω2) + L2)|2 (8)
P|11〉(θ =
π
2
) = |b|2|(iL1(ω2(3 + 2k) + ω1) + L2)|2. (9)
In the linear case (k = 0), max(P|11〉) does not exceed 12 at resonance. On detuning, probability of localisa-
tion of two photons is more than the delocalisation probability if |∆| > 2J .
In Fig. 3, variation of maximum delocalisation probability is shown as a function of the detuning pa-
rameter ∆ in the linear case. It is seen that max(P|11〉) remains constant for |∆| ≤ 2J in each case: J = 0.1
(solid), 0.4 (dot), 0.7 (star).
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Figure 3: Maximum value of P|11〉 with cavity detuning ∆ for |20〉 with k = 0. TPD probability starts
decreasing at ∆ = ±0.2, ±0.8, ±1.4 for J = 0.1, 0.4 and 0.7 respectively. It is clear that for |∆| > 2J , TPL
dominates over TPD.
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In short, for the initial state which is a localised product state, TPL dominates over TPD if |∆| > 2J .
3.1 Role of Nonlinearity
The discussions in the last subsection indicate that complete localisation and delocalisation occur if the ini-
tial state is a two photon entangled state with appropriate phase evolving under linear JC-type interaction
of two coupled cavities. The role of quantum interference between the relevant transition amplitudes has
been emphasized. Presently, the role of nonlinearity in achieving TPL and TPD is discussed.
Considering the Hamiltonian in Eqn. 2, its expectation values in the relevant two photon states are given
by
〈20|H |20〉 = 2ω1(1 + k),
〈11|H |11〉 = (ω1 + ω2),
〈02|H |02〉 = 2ω2(1 + k). (10)
If ∆ = 0 (resonance) and (k = 0) (linear JC), these expectation values are equal. In the presence of
nonlinearity (k 6= 0), the average energies of |20〉 and |02〉 shift by ∆ + 2kω1 and −∆ + 2kω2 respectively
from the expectation value in the state |11〉 as shown in Fig. 4. In this figure, the energy levels have been
arranged by their average energies [33].
Figure 4: Energy levels are labelled by the expectation value of the Hamiltonian H in the respective states.
The inter-state decay rates are denoted by γ with appropriate suffixes.
For the localised states |20〉 or |02〉 to evolve to become the delocalised state |11〉, the respective average
energies should be the same in the localised and delocalised states, that is, the states are degenerate in terms
of their expectation values. This modification of expectation values is achievable by detuning the cavities
depending on the initial state as specified here. The required detuning has to be ∆ = −2ω1k if the initial
state is |ψ〉 = |20〉 and ∆ = 2kω2 for |ψ〉 = |02〉. These relations holds good if k > J [22]. When the
system is detuned for one of the transitions, the other transition does not occur. For example, if detuning is
appropriate for |20〉 → |11〉 [〈20|H |20〉 = 〈11|H |11〉], transition to |02〉 does not occur as the average energy
in the state has shifted by 4ω1k(k + 1). Thus, in the presence of Kerr nonlinearity, detuning can be used
as a switch to block |20〉 → |02〉 transition. Interestingly, at resonance, transitions from |11〉 to |02〉 or |20〉
and vice-versa are nearly forbidden if k >> J(Figure. 4). What happens in this limit is that the presence
of a photon in a cavity blocks the inflow of photon from the other cavity, which is analogous to the photon
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blockade phenomenon in a driving single cavity. This stabilizes the |11〉 state.
If |+〉 or |−〉 is the initial state, then, in presence of nonlinearity, the state does not evolve to have
complete overlap with |11〉 for any detuning. In fact, under resonance the initial state |−〉 remains as a TPL
state as inferred from Eq. 7 even though nonlinearity could be present.
If the intensity-dependent coupling is absent, delocalisation probability can attain its maximum in the
presence of Kerr nonlinearity under appropriate detuning. If the initial state is |ψ〉 = |20〉, the required
detuning is ∆ = −2χ1 while ∆ = +2χ2 if |ψ〉 = |02〉 is the initial state. This conditions arises on demanding
equal average energies of the states in the Kerr Hamiltonian [29, 30, 31].
4 TPD in presence of dissipation and dephasing
An ideal cavity is characterized by complete isolation from the influences of the environment. In reality,
however, there are unavoidable influences from the environment leading to dissipation and decoherence or
dephasing. The dominant mechanism of dissipation is photon leakage. Dephasing is another aspect of
system-environment interaction which leads to decay of the off-diagonal elements of the density operator. In
this process the system loses its quantum coherence but not energy.
4.1 TPD in presence of dissipation
Effects of dissipation is studied by analyzing the master equation for the density operator of the system.
It is to be pointed out that in the presence of dissipation the previously considered invariant subset of the
Hilbert space is inadequate as the number of photons is not fixed. However, since the dissipative process
does not increase the number of quanta, only states with lower number of quanta than what is contained
in the initial state are to be considered. To facilitate writing down the master equation, relevant states are
relabeled as follows: |00〉 → |1〉〉, |10〉 → |2〉〉, |01〉 → |3〉〉, |20〉 → |4〉〉, |11〉 → |5〉〉, |02〉 → |6〉〉, where double
angular brackets are used to represent the various bipartite states of the two cavities. Using these as the basis
vectors, the elements of the density operator are obtained by solving the master equation [34, 35, 36, 37],
∂ρ
∂t
= −i[H, ρ] +
2∑
i,j=1
γij
2
(2ajρa
†
i − a†iajρ− ρa†iaj). (11)
Here γ11 and γ22 are decay rates of the first and second cavities respectively and, γ12 and γ21 are the cross-
damping rates arising due to interference of transition amplitudes.
If γ12 = γ21 = 0 and γ11 = γ22 = γ, the localisation probability is
P|20〉+|02〉(t) = e−2γt(|C1(t)|2 + |C3(t)|2).
The result shows that the TPL probability falls exponentially in time at a rate that is twice the decay rate
of the cavities. The suffix |20〉 + |02〉 indicates probability corresponds to the case when the state of the
system subsequent to measurement involves localised two photon states.
To bring out the effects of cross-damping, the master equation is solved numerically to get ρ44 and ρ66.
Referring to the convention given in the beginning of the subsection, it is immediate that ρ44 and ρ66 are
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the respective probabilities for detecting the system in |20〉 and |02〉. Therefore, ρ44 + ρ66 is the localisation
probability when system evolves to a mixed state due to dissipation. Evolution equations for these two
elements of the density matrix are
ρ˙44 = −i[J
√
2(1 + k)(ρ54 − ρ45)]− 2γ11ρ44 − γ12√
2
ρ54 − γ21√
2
ρ45,
ρ˙66 = −i[J
√
2(1 + k)(ρ56 − ρ65)]− 2γ22ρ66 − γ12√
2
ρ65 − γ21√
2
ρ56,
where ρij = 〈〈i| ρ |j〉〉.
Temporal evolution of TPL probability in presence of dissipation is shown in Fig. 5. The initial state is
|+〉. Both linear JC model(k = 0) and intensity-dependent interaction (k = 0.1) have been considered.
Due to interference between the various transitions shown in Fig. 4, the probability of localisation does not
completely vanish in the absence of nonlinearity. Including nonlinearity (k 6= 0) leads to loss of interference
leading to complete decay of localisation. Essentially, nonlinearity destroys the interference between the
amplitudes by shifting the average energies in the states |20〉 and |02〉 from |11〉. Also, detuning makes the
average energy of all the components unequal, which leads to asymmetry in the system and destroys the
coherence between the various transition. As a result, localisation probability decays to zero.
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0.2
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Figure 5: Probability of localisation P|20〉+|02〉 = ρ44+ρ66 is shown as a function of t for the initial |+〉. Values
uses are J = 0.05,γ = 0.005 and ∆ = 0. Her γ = γ11 = γ22 = γ12 = γ21. Continuous curve corresponds to
the linear case k = 0 and the dashed line for intensity-dependent interaction with k = 0.1.
In classical dissipative systems, energy decays to zero if there is no external pumping. So, it is important
to study the corresponding situation in the present system. Using the master equation given in Eq. 11, the
expectation values of products of creation and annihilation operators of the two linear cavities are obtained.
These equations can be cast in the following form,
d
dt


〈a†1a1〉
〈a†1a2〉
〈a1a†2〉
〈a†2a2〉

 =


−γ −iJ
~
− γ2 iJ~ − γ2 0−iJ
~
− γ2 −γ 0 iJ~ − γ2
iJ
~
− γ2 0 −γ −iJ~ − γ2
0 iJ
~
− γ2 −iJ~ − γ2 −γ




〈a†1a1〉
〈a†1a2〉
〈a1a†2〉
〈a†2a2〉

 . (12)
Here γ = γ11 = γ22 and γ12 = γ21 =
√
γ11γ22 [38].
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The matrix differential equation is solved to get the average number of photons in the first cavity. The
resultant expression is
〈a†1a1〉t =
1
4
[X1(t)〈a†1a1〉0 +X2(t)〈a†1a2〉0 +X3(t)〈a1a†2〉0 +X4(t)〈a†2a2〉0],
where
X1(t) = e
λ1t + eλ2t + eλ3t + eλ4t,
X2(t) = −eλ1t + eλ2t − eλ3t + eλ4t,
X3(t) = e
λ1t − eλ2t − eλ3t + eλ4t,
X4(t) = −eλ1t − eλ2t + eλ3t + eλ4t,
and
λ1 = 2iJ − γ, λ2 = −2iJ − γ, λ3 = 0, λ4 = −2γ. (13)
Similar expression can be derived for the average number of photons in the second cavity.
For the initial state |ψ〉 = cos θ |20〉+ eiφ sin θ |02〉 , the average photon number in the cavities is
〈a†1a1〉t =
1
2
[(eλ1t + eλ2t)cos2θ + eλ3t + eλ4t].
It is clear from the expression that the evolution of the mean photon number is independent of the relative
phase.
For θ = π/4,
〈a†1a1〉t = 〈a†2a2〉t =
1
2
[e−2γt + 1], (14)
which saturates at 1/2 for large t. Thus, quantum interference stabilizes the average number photons at a
non-zero value in spite of dissipation. If the initial state is |ψ+〉 = 1√2 [|10〉+ |01〉], then
〈a†1a1〉t = 〈a†2a2〉t =
e−2γt
2
.
The average number of photons in the cavities will decay to zero as t increases. Both the cavities lose
energy at the same rate a consequence of assuming resonance and equal damping. If the initial state is
|ψ−〉 = 1√2 (|10〉 − |01〉), the average number of photons is
〈a†1a1〉t = 〈a†2a2〉t =
1
2
.
The average number of photons saturates at 1/2. That the average does not decay to zero is due to
the destructive interference between the amplitudes corresponding to |10〉 → |00〉 and |01〉 → |00〉 as a
consequence of the relative phase π in the initial state. The rate of loss of photons depends on the initial
state, especially through its dependence on θ, refer Eq. 4. In the present context, the initial state is either
the symmetric state |+〉 or the antisymmetric state |−〉. The former decays at a the rate 2γ while the later
does not decay. This is analogous to the superradiance and subradiance that occur in the interaction between
a three-level atom and field [37]. Due to interference, the average photon number saturates at 1/2 though
dissipation is present. It implies that quantum interference makes it possible to retain nonzero number of
photons in the cavities in spite of dissipation.
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4.2 TPD in presence of dephasing
As seen in the previous section, relative phase in the initial state plays a crucial role in achieving TPD. In
the presence of dephasing, the relative phases in the evolved state are randomized in time. It is natural to
expect dephasing to affect TPD whose occurrence is sensitive to the relative phase. The master equation
described in the previous section can be modified to incorporate dephasing by including the Lindblad term
γd
2 D(a†a)ρ [8, 39]. With this modification, the master equation becomes
∂ρ
∂t
= −i[H, ρ] + γd
2
D[a†1a1]ρ+
γd
2
D[a†2a2]ρ,
where the operator D[a†a]ρ is
D[oˆ]ρ = 2oˆρoˆ† − oˆ†oˆρ− ρoˆ†oˆ.
This Lindblad term accounts for dephasing which leads to the decay of the off-diagonal elements in the
density operator.
To understand the effect of dephasing, the numerically obtained time-dependence of ρ55, which is the
probability of delocalisation (P|11〉), is shown in Fig. 6 . If the initial state is |−〉, the time evolved state is
partially delocalised as ρ55 is less than unity. In the absence of dephasing, complete localisation is possible
due to destructive interference between the amplitudes corresponding to the transitions |20〉 → |11〉 and
|02〉 → |11〉. But dephasing randomizes the relative phases during evolution and suppresses the destructive
interference.
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Figure 6: Probability of delocalisation ρ55 in the linear case (k = 0) as a function of t for (a) |−〉 and (b)
|+〉. Curves corresponds to different values of decay rate: γd = 0(continous), 0.005(dot) and 0.05(dash). For
all the cases, J = 0.05 and ∆ = 0.
Generally, in the presence of dephasing, the initial coherence is expected to vanish resulting in an equi-
librium density operator Fig. 6. The steady-state density matrix elements are
ρ44 =
1
3
, ρ45 = 0, ρ46 = 0, ρ55 =
1
3
, ρ56 = 0, ρ64 = 0, ρ66 =
1
3
.
It is also clear from Fig. 6 that the shown curves indeed saturate at 1/3.
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The probability of TPD for different values of the nonlinearity parameter k are shown in Fig. 7(a). In
Fig. 7(b), the probability for TPD is shown for various values of ∆. Comparing the curves corresponding
to different values of ∆ it is clear the rate of attaining the equilibrium values is slow. Similar, conclusions
are drawn by comparing the curves corresponding to different values of k in Fig. 7(a). Both detuning and
nonlinearity slow down the process of attaining steady state.
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Figure 7: Delocalisation probability as a function of t for |−〉. (a) With various k. Continuous line is for
k = 0, dotted line is for k = 0.1 and dashed line is for k = 0.3 with J = 0.05, ∆ = 0 and γd = 0.05.(b)
With various detuning. Continuous line for ∆ = 0, dotted line is for ∆ = 0.3 and dashed line correspond to
∆ = −0.5 with J = 0.05, k = 0 and γd = 0.05. Net effect of nonlinearity, detuning and dephasing on |+〉 is
same i.e non-linearity and detuning slow down the process of attaining equilibrium density operator.
4.3 Role of coherence in delocalisation
For a better appreciation of the role of coherence, consider the realistic situation where an initial pure state
is prepared with probability ǫ and a related random state (noise) with probability 1 − ǫ. With initial TPL
state |ψ〉 and the added noise M, the total density matrix is [40],
ρ = ǫ |ψ〉 〈ψ|+ (1− ǫ)M, (15)
where
|ψ〉 = cos θ |20〉+ eiφ sin θ |02〉
M = cos2 θ |20〉 〈20|+ sin2 θ |02〉 〈02| ,
This is a mixed state for all ǫ < 1. The state interpolates between the TPL state |ψ〉 which has coherence
and the state M which has no coherence. Thus, ǫ measures the degree of coherence in the state ρ. To
bring out the effect of initial coherence in the state given in Eqn. 15, the variation of maximum of TPD
probability with ǫ is shown in Fig. 8. The value of θ is pi4 , which corresponds to equal magnitude of the
superposition coefficients in the initial state. The curves shown in the figure correspond to two values of
φ, namely, 0 and π. In the later case, as ǫ increases the peak value of TPD probability ρ55 decreases and
vanishes at ǫ = 1. This is due to the destructive interference between the amplitudes for the two transitions,
namely |20〉 → |11〉 and |02〉 → |11〉. In the former case, the peak of TPD probability increases with ǫ due
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to constructive interference. The initial state with full coherence (ǫ = 1) evolves to attain perfect TPD and
TPL.
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Figure 8: Maximum probability of delocalisation ρ55 as a function of ǫ. Continuous line corresponds to state
|−〉 and dotted line corresponds to |+〉. Other parameters are J = 0.05, k = 0, ∆ = 0.
5 Role of entanglement
The discussion in the preceding sections have been focused on the role of the initial phase and the coherence
on the emergence of TPD and TPL. Another important aspect to be considered is the entanglement in the
initial state. In fact, the state |+〉 and |−〉 are entangled states. If concurrence is used as the measure of
entanglement for bipartite qutrit, it is clear that both |+〉 and |−〉 have equal entanglement. The quantity
of concurrence for the state |ψ〉 in Eqn. 4 is [41]
C(θ) =
√
3| sin θ cos θ|2,
For both the states |+〉 and |−〉, C = √3/2. Though the two states have equal entanglement, the state
|+〉 can evolve to attain complete TPD while |−〉 does not when the cavities are resonant. The main les-
son of this example is that the relative phase plays a stronger role than entanglement. This observation is
at variance with the claim that entanglement is the only parameter required to quantify TPD and with in-
crease of the former the later increases too[42]. To discuss further, consider the case of N-coupled cavity array.
The Hamiltonian for N identical cavities that are linearly coupled is (~ = 1),
H = ω
N∑
j=1
a†jaj + J
N−1∑
j=1
(a†jaj+1 +H.c).
This Hamiltonian can be written in uncoupled form using normal mode operators leading to the following
diagonal form:
H =
N∑
k=1
Ωkc
†
kck, Ωk = ω + 2J cos(
πk
N + 1
).
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Using Heisenberg equation for the time-development of the operators, in particular, the annihilation opera-
tor, leads to
aj(t) =
∑
i
Gjl(t)al(0),
Gjl(t) =
N∑
k=1
e−iΩktS(j, k)S(l, k),
S(j, k) =
√
2
N + 1
sin(
jπk
N + 1
).
Two photon states are considered once again, nevertheless, with the additional freedom that the two photons
can be shared by any pair of cavities, say, r and s, among the N cavities. The corresponding localised state
is |ψ〉 = cos θ |2〉r |0〉s + eiφ sin θ |0〉r |2〉s. Specifically, concurrence vanishes for θ = 0, π/2 and C =
√
3/2 for
θ = π/4(independent of φ).
To assess the role of the relative phase in inducing TPD or TPL in the array, the joint probability Pmn of
coincidence detection of two photons in the cavities m and n is considered. In the present case, it is defined
as
Pm,n = 〈a†n(t)a†m(t)am(t)an(t)〉.
For the initial state |ψ〉,
Pmn =2| cos θGmr(t)Gnr(t) + eiφ sin θGms(t)Gns(t)|2. (16)
Assuming r = 15 and s = 16 and N = 29, correlation function calculated from the previous expression is
shown in Fig. 9.
Figure 9: The joint probability for the two photon coincidence detection in mth and nth cavity at time
t=83.57 with J=0.1.(a)for θ = 0, C = 0, (b) for θ = π/4, φ = 0, C =
√
3/2,(c) for θ = π/4, φ = π,
C =
√
3/2.
The quantities Pmn can be treated as the elements of a correlation matrix. Each diagonal element rep-
resents the probability of coincidence detection of two photon in same cavity which is localisation. Each
off-diagonal element represents the probability of delocalisation. Comparing Fig. 9(b) and 9(c) correspond-
ing to two different states with same initial concurrence, it is very clear that the former has maximum
delocalisation and the later has comparatively less delocalisation. A simpler way of seeing this is to calculate
the degree of TPD ,
S = 1− 1
2
N∑
n=1
Pn,n(t)
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which defines the probability of detection of two photon in two different cavity. If S=0, then it is TPL state
and if S=1, then it is TPD state. Evolution of degree of delocalisation for different initial entangled states
are shown in Fig. 10 and the following are observed.
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Figure 10: Time evolution of degree of two photon delocalisation S for different initial states with J=0.1.
If θ = π/4 and φ = π, the concurrence in the corresponding state is
√
3/2. This state does not evolve
to a completely delocalised state where as the state with C=0 evolves to become a TPD state. The initial
phase difference between the two states |20〉 and |02〉 in the superposition is to be considered as an additional
parameter apart from the entanglement to qualify whether a state will lead to delocalisation or not.
In N linearly coupled cavity arrays, it is interesting to find a localised state, which will never become
delocalised due to destructive interference between various paths of transition i.e two photons completely
trapped in any one of the cavity. Such a state is,
|ψ〉 = 1√
N
N∑
n=1
(−1)(n+1) |n〉
where n indicates the two photons are in the nth cavity and other cavities are in vacuum state.
6 Summary
A generalization of the Jaynes-Cummings model to include intensity-dependent coupling of two nonlinear
cavities has been introduced. The dynamics of this coupled cavity system allows for the possibility of two-
photon localisation and delocalisation. Occurrence of these phenomena depends on the relative phase and
entanglement in the initial superposed state. The importance of the relative phase in the initial superpo-
sition is brought out in the explanation of the localisation and delocalisation as consequences of quantum
interference between the transition amplitudes. Delocalisation occurs when the interference is constructive.
Destructive interference leads to localisation. This argument is applicable to any pair of cavities even if there
are N coupled cavities. If the initial state of the two cavities is a localised product state such as |02〉 or
|20〉, localisation dominates over delocalisation if the detuning is more than a critical value, namely, twice
the coupling strength between the cavities.
15
Due to the nonlinearity of the cavity, the energy levels of the cavities shift. The average energies of the
localised and delocalised states are different. As a consequence, transition from localised state to delocalised
state is blocked at resonance. In order for the transition to occur from localised state to delocalised state,
the average energies of them are to be nearly equal and this can only happen for the localised product states
by adjusting strength of nonlinearity and detuning.
Decoherence due to interaction with the environment prevents complete localisation or delocalisation
in the system. This is consistent with the fact that decoherence affects the relative phase which is very
crucial for the interference of probability amplitudes to occur. In fact, the state |02〉 + |20〉 which has the
same coherence as the state |02〉 − |20〉, evolves to a TPD state. But the state |02〉 − |20〉 does not evolve
and remains a localized state. The difference in their evolutions is due to the relative phase in the initial state.
In the presence of dissipation, it always possible for the photons to leak from the system. This allows
the system to evolve into a mixed state involving lower number states. As a consequence, the probability of
localisation is less. It may be noted that due to quantum interference, the system does not reach the vacuum
state if the initial state is suitably chosen.
Incorporating nonlinearity, intensity-dependent coupling provides additional control parameters apart
from detuning in realizing delocalisation or localisation. This will be of value in generating the localised or
delocalised states for different applications and observing the quantum interference phenomenon in cavity
arrays.
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